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Abstract

In temperate regions, respiratory virus epidemics recur on a yearly basis, pri-

marily during the winter season. This is believed to be induced by seasonal

forcing, where the rate at which the virus can be transmitted varies cyclically

across the course of each year. Seasonal epidemics can place substantial burden

upon the healthcare system, with large numbers of infections and hospitalisa-

tions occurring across a short time period. However, the interactions between

seasonal forcing and the factors necessary for epidemic resurgence — such as

waning immunity, antigenic variation or demography — remain poorly under-

stood. In this manuscript, we examine how the dynamics of antibody waning

and antigenic variation can shape the seasonal recurrence of epidemics. We de-

velop a susceptible-infectious-susceptible (SIS) immuno-epidemiological model

of respiratory virus spread, where the susceptible population is stratified by their

antibody level against the currently circulating strain of the virus, with this decay-

ing as both antibody waning and antigenic drift occur. In the absence of seasonal

forcing, we demonstrate the existence of two Hopf bifurcations over the effective

antibody decay rate, with associated periodic model solutions. When seasonal

forcing is introduced, we identify complex interactions between the strength of

forcing and the effective antibody decay rate, yielding myriad dynamics including

multi-year periodicity, quasiperiodicity and chaos. The timing and magnitude of

seasonal epidemics is highly sensitive to this interaction, with the distribution

of infection timing (by time of year) varying substantially across the parameter

space. Finally, we show that seasonal forcing can produce resonant amplification

(or damping) resulting in a cumulative infection burdens that is greater (or lesser)

than would otherwise be observed.

1 Introduction

Respiratory viruses are a major cause of disease and mortality in human populations.

It was estimated that in 2019, influenza led to between 290,000 and 640,000 deaths

globally (Iuliano et al. 2018) and in the same year, respiratory syncytial virus (RSV)

led to between 84,000 and 125,000 deaths globally in children aged under five years

alone (Li et al. 2022). Further, the COVID-19 pandemic has highlighted the risks that

a newly emergent respiratory virus can pose, with the disease having caused at least

five million deaths by the end of 2021 (Msemburi et al. 2023).

A defining characteristic of the transmission of respiratory viruses is that they often

produce recurring epidemics (or waves) of infection and disease across human pop-

ulations. In temperate regions, this recurrence can be highly regular — for example,

epidemics of the influenza viruses and respiratory syncytial virus are observed to

occur every winter in temperate regions, with only rare exceptions (Altizer et al. 2006;

Moriyama et al. 2020). This is believed to arise as a result of seasonal forcing, where

the rate at which a virus may be transmitted changes cyclically across the course of

each year, typically increasing in winter and decreasing in summer. Such changes

could be driven by seasonal conditions directly (e.g. changing temperature, humidity

or ultraviolet radiation leading to changes in virus stability across the transmission

process, Moriyama et al. 2020; Nelson 2004) or indirectly (e.g. more close contact
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occurring indoors during colder periods, London and Yorke 1973; Moriyama et al.

2020; Susswein et al. 2023).

The arisal of a sustained epidemic wave of infection is only possible where a

sufficient proportion of the population is susceptible to infection with the pathogen.

Recovery from infection with a respiratory virus typically leads to the development

of adaptive immunity, which protects individuals from re-infection with the same

virus and results in a depletion of the susceptible population. As such, the continued

recurrence of epidemic waves implies the existence of one or more mechanisms

which may replenish the susceptible population (Matt J Keeling and Rohani 2008). A

number of such mechanisms have been suggested for respiratory viruses, including:

demographic processes (with the introduction of new susceptible individuals via

births or migration); waning immunity (where the immunity developed following

infection is lost over time); and antigenic variation (where the virus evolves to evade

the immunity present in individuals previously infected). In this work, we focus on

the role that waning immunity and antigenic variation may play in providing the

conditions for epidemic recurrence.

The antibody response is a key component of human immunity to respiratory

virus infection. This response involves the production of large numbers of antibodies,

proteins that can inhibit or neutralise the pathogen’s ability to replicate within the host

(Murphy and Weaver 2019). For some respiratory viruses, high levels of pathogen-

specific antibodies produced following infection have been associated with a reduced

probability of an individual developing infection following exposure to the virus.

For example, studies of influenza and SARS-CoV-2 have identified dose-dependent

relationships between antibody levels and protection from (symptomatic) infection

(Hobson et al. 1972; Coudeville et al. 2010; Khoury et al. 2021; Phillips et al. 2024).

However, if the quantity of these antibodies were to decay (or that of the B cells which

produce them), this immune protection would be temporary (Andraud et al. 2012;

Khoury et al. 2021).

In addition to antibody decay, the effectiveness of an individual’s antibody response

may decay with time due to antigenic variation. Where this occurs, an individual’s ef-

fective antibody level against the currently circulating virus (as measured via e.g. viral

neutralisation assays) will be reduced (R. G. Webster 1999; Medina and García-Sastre

2011). Such antigenic variation may occur as antigenic shift, where large changes

in the antigen of the virus lead to sudden drops in the effectiveness of pre-existing

antibodies, or as antigenic drift, where gradual changes in the virus accumulate

and pre-existing antibodies become correspondingly less effective (R. Webster 1999;

Kim et al. 2018). Such gradual antigenic drift is typical of many respiratory viruses,

especially the influenza viruses (R. Webster 1999; Bedford, Suchard, et al. 2014).

In this paper, we construct an immuno-epidemiological model of respiratory virus

transmission to study the interaction between antibody-mediated immunity and

seasonal forcing. We begin in Section 2 by developing a susceptible-infectious-

susceptible (SIS) model of virus transmission, where the susceptible population

is stratified by antibody level. This antibody level increases upon recovery from

infection, decays exponentially over time due to the combined effects of antibody

waning and antigenic drift, and modulates an individual’s protection against re-

infection. In Section 3, we show that this model can exhibit periodicity in the absence

of seasonal forcing and identify two Hopf bifurcations across the antibody decay

rate. In Section 4, we introduce seasonal forcing into the model and examine its

effect upon epidemiological dynamics. Our results show that forcing may interact

with antibody-mediated immunity to produce complex dynamical regimes including

quasiperiodicity and chaos, and identify that this interaction can lead to substantial

changes in the distribution of infection timing by time of year. We also show how

seasonal forcing can induce resonant dynamics that result in a cumulative infection

burden that is greater (or lesser) than would arise in the absence of forcing. We end

in Section 5 with a brief conclusion.
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2 An immuno-epidemiological transmission model

In this section, we construct an immuno-epidemiological model of respiratory virus

transmission. We first classify our population of interest according to their epidemio-

logical status, which may be either susceptible (S) or infectious (I ). Individuals in the

susceptible class have some effective antibody level c against the currently circulating

virus. We assume that this level decays exponentially with time due to a combination

of antibody waning and antigenic drift, yielding an effective antibody decay rate r .

For simplicity, we have taken here that any contribution of antigenic drift to the

effective antibody decay rate is fixed over time. This is consistent with the approxi-

mately linear increase in antigenic distance over time observed in, for example, the

influenza viruses (Bedford, Suchard, et al. 2014). However, it does not capture the

possibility of antigenic variation increasing during times of greater viral transmission

(Bedford, Riley, et al. 2015).

To capture this effective antibody level within a compartmental framework, we

stratify the susceptible population across compartments Si where 0 ≤ i ≤ k, each with

a corresponding effective antibody level ci :

ci = 2a(i /k),

where the parameter a defines the maximal effective antibody level of 2a
. Here, we

describe these levels using powers of two in line with the common use of two-fold

serial dilution assays for the measurement of the antibody response (e.g. Salk 1944;

Killian 2020). The exponential decay in effective antibody level is then captured using

a method of lines approximation (Appendix A, Plant and Wilson 1986; Angelov et al.

2023), with individuals in compartment Si+1 moving to compartment Si at a constant

rate ρk:

Si+1 −−→
ρk

Si

for i ≥ 0, where ρ is specified in terms of the desired effective antibody decay rate r :

ρ = r

a loge 2
.

The parameter k controls the resolution of the stratification (with the model having

k+1 strata over antibody level). Further, for individuals starting at the same antibody

level, larger values of k reduce the degree of between-individual variation in effective

antibody level following decay (Appendix A).

In sum, we have a population described across k +2 compartments:

{S0, S1, . . . , Sk , I } ,

with the value of each compartment describing the fraction of the population which

is within each state, such that the value of all compartments sums to one.

Immune protection and viral transmission

We assume that individuals in the susceptible class have some level of immune pro-

tection against acquiring an infection with the currently circulating virus (conditional

upon contact with an infected individual) which is dependent upon their effective

antibody level. We take the protection ωi for an individual in class Si to be a dose-

response relationship over this effective antibody level ci , specifically a Hill equation

with a mid-point c
mid

and Hill coefficient b:

ωi =
cb

i

cb
mid

+ cb
i

.

3



This dose-response relationship has been previously used in both epidemiological

studies of antibody-mediated immune protection (Halloran et al. 2009; Khoury et

al. 2021; Hogan et al. 2023; Hao et al. 2025) and dynamic models of transmission

(Zachreson et al. 2023; Conway et al. 2024), though typically in the (mathematically

equivalent) formulation of logistic regression over logc. Here, we only consider the

effect of antibodies in providing protection against acquiring infection, conditional

upon contact with an infected individual. We do not consider other potential effects of

antibody-mediated immunity, such as reducing the probability of developing severe

disease or of transmitting the virus onwards.

In our model, contact between individuals occurs according to mass-action effect.

A susceptible individual makes infectious contacts with infected individuals at a rate

given by the product of the proportion of infectious individuals I and the infectious-

ness parameterβ. Individuals in each susceptible strata Si are then infected according

to this rate of exposure, reduced by their level of antibody-mediated protection ωi :

Si −−−−−−−−−→
(1−ωi )βI

I

Recovery from infection and post-infection immunity

Infectious individuals are assumed to recover from infection at a fixed rate γ (such

that the mean duration of infectiousness is 1/γ). Upon recovery from infection,

individuals transition to a susceptible strata Si according to the probability P (I → Si ):

I −−−−−−−−−→
γP (I → Si )

Si

We specify P (I → Si ) in terms of an assumed distribution of effective antibody level

following recovery from infection. Specifically, we take that the log-2-transformed

value of the effective antibody level follows a Normal distribution with mean µ and

standard deviation σ. This distribution then defines the probability of transitioning

into each discrete susceptible strata, noting we have an additional constraint that

antibody level must fall within the range [20,2a]:

P (I → Si ) =


P (a < X ), i = k,

P
(
a i

k < X ≤ a i+1
k

)
, i > 0 and i < k,

P
(
X ≤ a 1

k

)
, i = 0.

The use of a Normal distribution here is consistent with observations of the antibody

response following infection with respiratory viruses (Khoury et al. 2021).

The model of immunity we describe here captures only the first-order dynamics

of antibody rise and decay within an individual. To simplify our analysis, we do

not consider the dynamics of other components that make up the human adaptive

immune response, such as plasma cells (which produce antibodies), memory B-

cells (which recall the antibody response upon re-infection) or T-cells (which may

provide protection independent of the antibody response). If these other components

behaved in a similar manner to the antibody response but provided protection across

greater durations, their presence could be seen as equivalent to a reduced decay

rate r . However, more complex behaviour such as interactions between the different

components across repeat infections cannot be captured by our one-dimensional

model.

Further, we do not capture any process of demographic change in this model, which

has been previously identified as an important factor in similar modelling studies

(Dafilis et al. 2012). If this process were to act via the removal of individuals at

random and the addition of immune-naive individuals, a greater rate of demographic

turnover would be approximately equivalent to an increase in the effective antibody

decay rate.
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Model structure

Combining the above model transitions, we have a deterministic dynamical system

defined by k +2 ordinary differential equations:

dSi

dt
=


−β(1−ωi )Si I +γP(I → Si )I −ρkSi , i = k,

−β(1−ωi )Si I +γP(I → Si )I +ρkSi+1 −ρkSi , 0 < i < k,

−β(1−ωi )Si I +γP(I → Si )I +ρkSi+1, i = 0,

(1)

and

dI

dt
=βI

k∑
i=0

(1−ωi )Si −γI , (2)

which we illustrate in Figure 1. This model is similar in nature to the general recovery-

stratified model described by El Khalifi and Britton (2023), but differs in our allowance

for variability in the post-infection antibody level and their use of different functions

to describe immune protection across the different strata.

...
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Sk

S1

S0
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ρk

ρk

ρk

SusceptibleEffective antibody 
level ci

Infectious

I
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tib
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y 

w
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Figure 1: Compartmental flow diagram of our immuno-epidemiological model of respiratory virus trans-

mission. The susceptible class Si is stratified according to their effective antibody level ci (which may

range from 20
up to 2a

), with this defining ωi , the level of immune protection against infection given

contact with an infected individual.

Numerical methodology

All results were produced using the parameter values listed in Table 1 (except where

the effective antibody decay rate r was otherwise varied). These values correspond to

a moderately infectious respiratory virus with a basic reproduction number (R0) of 1.5

and a generation interval of four days. At baseline, antibody-mediated protection was

specified such that at least 50% protection from re-infection was maintained following

recovery from infection for a median period of approximately 230 days. We set the

initial conditions of the system such that a small proportion of the population was

infectious (I = 0.001), while the remaining population was in the susceptible class at

the minimum effective antibody level (S0 = 0.999).

Where we calculated infection incidence (i.e. the number of new infections across

some period), we included in our numerical implementation an additional cumula-
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tive infections compartment CI , defined as:

dCI

dt
=βI

k∑
j=0

(1−ω j )S j ,

where daily infection incidence for day t is then calculated as inc(t ) =CI (t +1)−CI (t ).

We identified the (stable or unstable) fixed points of the system by first reducing

the systems dimensionality by taking I = 1−∑k
i=0 Si and setting the left hand side

of this system to zero and solving for {S0,S1, . . . ,Sk } under the constraint that each

compartment value was positive. A fixed point solution was defined as stable where

all eigenvalues of the reduced linearised system had real components less than zero.

We assessed numerical solutions for chaos using the Melbourne 0-1 test across

the numerically integrated infection prevalence time-series I (t ) following 1,000 years

of burn-in (Gottwald and Melbourne 2016). To avoid known issues with the test

regarding the oversampling of continuous-time dynamical systems, we performed

the test over infection prevalence sampled once every 80 days. This downsampling

rate was identified visually to achieve good classification performance over a subset

of the results (Appendix Figure 9). To distinguish between periodic, quasiperiodic

and chaotic solutions (and identify the duration of the periodic solutions), we used a

classification algorithm which we describe in Appendix C.

All numerical analysis was performed in Julia (Bezanson et al. 2017). Numerical

integration of the dynamical system was performed using the 5th order Rosenbrock-

Wanner method Rodas5P as implemented in the DifferentialEquations.jl package

(Rackauckas and Nie 2017; Steinebach 2023). NonlinearSolve.jl was used for identi-

fying the fixed points of the system (Rackauckas, Pal, et al. 2023), and Dynamical-

Systems.jl was used for the Melbourne 0-1 test for chaos (Datseris 2018; Datseris and

Parlitz 2022). Visualisation of results was performed in the R statistical computing

environment using the ggplot2 package (R Core 2013; Wickham 2011).

The code used to produce the results is available on GitHub (https://github.com
/ruarai/ode_immunity) and has been archived on OSF (osf.io/us9t8).

Parameter Value

Maximum strata index k = 32
Maximal effective antibody level 2a = 28.0

Effective antibody decay rate (where otherwise unchanged) r = 0.015 days
−1

Recovery rate γ= 0.25 days
−1

Transmission rate β= 0.375 days
−1

Post-infection antibody level X ∼ N (6,0.5)
Midpoint of the protection function c

mid
= 23

Hill coefficient of the protection function b = 8

Table 1: Model parameter values used in the results.

3 Model dynamics

We illustrate the characteristic dynamics produced by the transmission model in Fig-

ure 2, with parameters as specified in Table 1. Across the first 125 days, we observe

an SIR-like wave of infection (Figure 2A), with over half of the population initially in

S0 being infected (Figure 2B). Following recovery from infection, the fraction of the

population within the higher-index susceptible classes increases (Figure 2C), in line

with the assumed distribution of post-infection effective antibody levels. The pop-

ulation then experiences antibody waning, with the fraction within the lower-index

susceptible classes increasing. Once there is a sufficiently large density of susceptible

individuals in lower-index (and lower-protection) classes, a subsequent wave of in-

fection occurs. This cycle repeats indefinitely undamped. Such oscillatory behaviour
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is typical of immuno-epidemiological models where the population is structured by

immunity (Heffernan and M J Keeling 2009; Böhm et al. 2016; Barbarossa et al. 2018).

We illustrate the complete distribution of individuals across the susceptible strata

over time in Appendix Figure 1. The arithmetic mean of effective antibody level also

varies substantially with time (Figure 2D). Starting at a mean of 20
(with all suscep-

tible individuals in S0), the initial wave of infection leads to a peak mean effective

antibody level of approximately 24.5
, and between waves of infection the level reaches

a minimum of around 22
.
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Figure 2: Characteristic dynamics of the immunity-structured model of respiratory virus transmission.

Model parameters are as in Table 1. A: Prevalence (i.e. fraction) of infectious individuals I over time.

B: Fraction of susceptible individuals in the minimum antibody strata S0. C: Fraction of susceptible

individuals in the strata S2 through to Sk (odd strata not plotted for visual clarity), with each strata plotted

as an individual ribbon. D: The mean effective antibody level across the susceptible population, calculated

as an arithmetic mean (i.e. not a geometric mean).

We now examine the effect of varying the effective antibody decay rate r . For the

range of effective antibody decay rates explored (0 < r ≤ 0.05 days
−1

), we observe a va-

riety of dynamical outcomes (Figure 3A). For high values of decay rate (e.g. r = 0.03),

infection prevalence tends towards a stable fixed point (e.g. Figure 3D panel iii). As

the decay rate is reduced, a supercritical Hopf bifurcation occurs (at r ≈ 0.025 days
−1

),

with the fixed point solution becoming unstable and a stable periodic solution emerg-

ing (e.g. Figure 3D panel ii). This Hopf bifurcation is evident in a pair of conjugate

eigenvalues of the linearised system crossing the imaginary axis (Appendix Figure

2). A similar Hopf bifurcation is identified in Hethcote et al. (1981), where periodic

solutions arise in an SIRS delay-differential equation model. As the decay rate is

reduced further, a second Hopf bifurcation occurs at r ≈ 0.005 days
−1

, with the fixed

point solution again becoming stable and the pair of conjugate eigenvalues returning

to the left hand side of the complex plane (Appendix Figure 2). Following this sec-

ond Hopf bifurcation, the periodic solution produced by the first Hopf bifurcation

remains stable, implying the existence of a separatrix which divides the two basins

of attraction between the stable periodic solution and the stable fixed point solution.

We illustrate two trajectories in this regime (r = 0.003 days
−1

, Figure 3D panel i), one

which tends towards the stable periodic solution and one which tends towards the

stable fixed point solution.

We identify that the minimal infection prevalence across the stable periodic solution

declines rapidly as the effective antibody decay rate r is decreased (Figure 3A). At

the extremely low minimal infection prevalences that we observe (e.g. I < 10−7
), it

would be expected that, in any realistic setting, the dynamics of transmission around

this minimum would be highly stochastic. For example, in a population size of
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108
, this would correspond to less than ten concurrent infections on average at the

trough between each wave, implying a high probability of pathogen extinction. In

this scenario, the sustained transmission of a virus would only be possible where the

antibody-mediated immunity across the population could otherwise be avoided (e.g.

through demographic change). However, the existence of a second Hopf bifurcation

implies that a virus which induces a particularly slow decaying antibody response

(less than r ≈ 0.005 days
−1

) could evade extinction at the stable fixed point, where

infection prevalence is relatively high.

We find that both the frequency of the stable periodic solution and the average

annual infection incidence increase approximately linearly with effective antibody

decay rate r (Figure 3B, C). This average annual infection incidence is calculated as

the average daily infection incidence in the period following 100,000 days of burn-in,

multiplied by 365. Notably, where both a fixed point solution and a stable periodic

solution are present (r less than approximately 0.025 days
−1

), this average annual

infection incidence is equal between the two solutions.
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Figure 3: Dynamics of the immuno-epidemiological model for varying values of effective antibody decay

rate r (all other model parameters are as in Table 1). The system was evaluated across a period of 100 years

(36,500 days), following 100 years of burn-in. A: Bifurcation diagram over varying effective antibody decay

rate r , with lines depicting infection prevalence at the model solutions (noting the log scale on the y-axis).

For the periodic solutions, the light blue lines correspond to the maximal or minimal infection prevalence

across each solution. For low values of the decay rate (e.g. less than r = 0.01 days
−1

), the minimal infection

prevalence rapidly approaches values where stochastic effects would be dominant in realistic settings and

our deterministic results must be interpreted with care. The separatrix between the stable limit cycle and

the stable fixed point for values of r less than approximately 0.005 days
−1

is not depicted as it could not be

identified numerically. B: The frequency (in years
−1

) of the periodic model solutions for varying effective

antibody decay rate r . C: The average annual infection incidence at the model solution (across both fixed

point and stable periodic solutions) across effective antibody decay rate r , calculated as the mean daily

infection incidence multiplied by 365. D: Exemplar dynamics in infection prevalence across the three

dynamical regimes, corresponding to the vertical dashed lines in A-C. Those which tend towards a stable

periodic solution are illustrated in blue while those which tend towards a stable fixed point are black.

The solution for r = 0.003 days
−1

(panel i) which tends towards the stable fixed point was initialised by

sampling a random point in state space near the fixed point. Note that the x-axis extent differs for panel i.

Stratification of the infectious class and antibody boosting

In Appendix B, we provide a specification of the model where the infectious class is

also stratified by effective antibody level. In this version of the model, a susceptible

individual in Si who is infected enters the corresponding infectious compartment
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Ii . Infectious individuals then recover and return to a susceptible compartment

S j according to a probability distribution P (Ii → S j ). This allows us to specify a

dependence between the pre-infection and post-infection effective antibody level ci

and c j .

We use this model to examine the effect of ‘antibody boosting’, where an indi-

vidual’s post-infection effective antibody level is an increasing function of their pre-

infection effective antibody level (Barbarossa et al. 2018; Diekmann et al. 2018). Our

results (Appendix Figure 7) show that the inclusion of antibody boosting may quanti-

tatively alter the dynamics produced by the model, changing both the peak infection

prevalence and peak mean effective antibody level. However, the overall qualitative

nature of the dynamics are unchanged. As in Figure 3, we identify two Hopf bifur-

cations across the effective antibody decay rate, an (approximate) linear relationship

between the decay rate and the periodic solution frequency, and an (approximate)

linear relationship between the decay rate and the average annual infection incidence.

Given the lack of qualitative differences in equilibrium dynamics, in the following

sections we consider the model without stratification of the infectious class.

4 Waning, seasonal forcing and periodicity

In this section, we extend the model to include a seasonally-varying transmission

rate and examine how this affects the long-term epidemiological dynamics. To do

this, we consider a time-varying infectiousness term:

β(t ) =β0

(
1+ηcos

(
2π

365
t

))
,

such that infectiousness varies sinusoidally over a period of 365 days, with a maximal

value of β0(1+η) at the start of each year, and a minimal value of β0(1−η) mid-year

(corresponding to seasonal effects in a temperate region in the Northern Hemisphere).

In the following, we take β0 = 0.375, such that the average value of β(t ) matches the

constant β used in the previous section.

Across values of the effective antibody decay rate r ranging from zero (no antibody

decay) to 0.1 (high decay rate) and values of the strength of seasonal forcing η ranging

from zero (no seasonal forcing) to 0.5 (very high seasonal forcing), a diverse range of

long-term dynamics are identified (Figure 4A). This includes periodic solutions (with

periods of one or more years), quasiperiodic solutions and chaotic dynamics, where

we have defined chaos as a positive result on the Melbourne 0-1 test (Appendix C).

Across this parameter space, the occurrence of periodic solutions is dependent upon

the natural period of the system (i.e. the period in the absence of seasonal forcing,

η = 0). In Figure 4A, we annotate the y-axis with this natural period for a subset

of rational multiples of the one-year period of seasonal forcing. As the seasonal

forcing strength η is increased from zero, periodic solutions appear in triangular

clusters around these rational multiples, with the period in years of the solution

equal to the numerator of the rational multiple. These regions are known as ‘Arnold

tongues’ (Datseris and Parlitz 2022). Each rational multiple of the natural period

has a corresponding Arnold tongue, however, only a small number are visible in

our visualisation as they typically become vanishingly small as the numerator or

denominator increases (Datseris and Parlitz 2022). The presence of these Arnold

tongues implies that — for certain effective decay rates — periodicity in infection

dynamics could be induced by mechanisms which only have slight effects upon the

rate at which the virus may be transmitted across each year. For example, even a

10% difference in the rate at which individuals make contact between the summer

and winter periods of the year (i.e. η≈ 0.05) leads to periodicity across a wide range

of effective antibody decay rates. This identification of high sensitivity of periodicity

to seasonal forcing aligns with similar findings made using a stochastic SIRS model

with an exponentially distributed period of immunity (Dushoff et al. 2004).
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In the space bounded between these Arnold tongues, and for effective antibody

decay rates less than 0.025 days
−1

(where, in the absence of seasonal forcing, stable

periodic solutions are present), quasiperiodic solutions can be identified (e.g. Figure

4B, panel ii). For these quasiperiodic solutions, the duration of time between each

wave of infection is relatively predictable, but the timing of these waves shifts relative

to the calendar year each year, such that epidemics may peak at any time of year in the

long-run (Appendix Figure 5). Hypothetically, a newly emergent respiratory virus

could exhibit such quasiperiodic dynamics in the long-term if it were to become

endemic within the human population. This could present a challenge to public

health planning, as any strategies predicated upon the regular seasonal recurrence

of an epidemic would be undermined. Public health activities such as pathogen

surveillance, vaccination deployment, and the mobilisation of healthcare workers —

rather than beginning and ending on an approximately regular calendar schedule —

would need to be adjusted each year, and would often fall outside the winter epidemic

season. However, epidemics that occur outside of the usual wintertime period are

less likely to be co-circulating with other viruses, and hence the total clinical load

from respiratory infections might be lower compared to winter months.

As the seasonal forcing strength η increases, the growing Arnold tongues collide

with one another, and regions of chaotic dynamics are evident. Period-doubling

bifurcations can be identified at the border of some of these chaotic regions (Appendix

Figure 9). Notably, the presence of chaos does not necessarily imply that the long-

term qualitative dynamics of infection are difficult to anticipate or manage. For

example, the trajectory exhibiting chaotic dynamics that we present (Figure 4D,

panel v) exhibits relatively little variation in the timing and magnitude of the primary

(larger) wave of infection each year. Rather, the effects of chaos are more pronounced

in the secondary (smaller) wave of infection, which has a size that varies substantially

year to year.

The minimum infection prevalence we observe (across the 250 years following

burn-in) varies substantially across the same parameter space (Figure 4B). The min-

imum infection prevalence has the highest value where seasonal forcing is absent

and the effective antibody decay rate is greatest (i.e. η = 0 and r = 0.03 days
−1

), and

tends to reduce as either the strength of seasonal forcing η is increased or the effec-

tive antibody decay rate r is decreased. The minimum infection prevalence drops

substantially in the Arnold tongue corresponding to the natural period of one year.

Generally, results where seasonal forcing is present have substantially lower values

of minimum infection prevalences than those without forcing (Appendix Figure 3).

As in the case without seasonal forcing, the results which reach particularly low in-

fection prevalence would, in realistic settings, have greater probabilities of stochastic

extinction occurring.

We find that the rate at which peaks in infection incidence occur across the period

following burn-in may vary widely as the strength of seasonal forcing and the effective

antibody decay rate change (Appendix Figure 4A, B). Recent work by Rubin et al.

(2025) has investigated the possibility that the ‘sub-annual’ recurrence of SARS-CoV-

2 — in which multiple waves of infection occur each year — which has been observed

in many regions could be driven by the dynamics of immunity. We identify similar

results, with lower effective antibody decay rates yielding multiple peaks in infection

incidence per year following burn-in (Appendix Figure 4B).
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Figure 4: Model dynamics across varied seasonal forcing strength η and effective antibody decay rate r .

Model parameters are otherwise as in Table 1. The system was evaluated across a period of 250 years,

following 1,000 years of burn-in. A: The qualitative dynamics yielded following burn-in for each parameter

pair. Our approach to classifying the dynamics of the numerically integrated model solutions is described

in Appendix C. B: The minimum infection prevalence across the 250 years following burn-in for each

parameter pair. For realistic settings, results with a low minimum (e.g. less than 10−7
) would likely be

dominated by stochastic effects. C: Example trajectories of infection prevalence across six years following

burn-in. D, E: Example trajectories of infection prevalence and mean effective antibody level respectively,

indexed by time of year. Trajectories from 60 consecutive years following burn-in are displayed.

The exemplar dynamics described above demonstrate that the timing of infection

incidence across each year may vary substantially across different values of the ef-

fective antibody decay rate r and seasonal forcing strength η. We now examine this

further, identifying the distribution of infection timing by time of year across the

same parameter space. We summarise this distribution using the circular mean and

variance, quantities which account for the cyclic nature of the calendar year (Ap-

pendix D). The mean timing of infection is most often located around the start/end

of the year (Figure 5A), coinciding with when seasonal forcing is greatest. However,

there is substantial heterogeneity in this mean, with many parameter combinations

yielding an earlier mean infection timing around October (e.g. Figure 5C, panel ii) or

a later mean around April (e.g. Figure 5C panel iv).

The circular variance also varies substantially across the parameter space (Figure

5B). The lowest circular variance is observed for parameters which fall into Arnold

tongues which have a corresponding natural period greater than one year. In the

tongues, the resultant dynamics of infection exhibit strong seasonality, with the

majority of infections occurring across a short period of each year (e.g. Figure 5C
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panels iii and iv). Outside of the tongues, the circular variance is highly dependent

upon the strength of forcing η. Where the strength of seasonal forcing is high

(e.g. η ≥ 0.25), the circular variance is intermediate and the apparent seasonality of

infections is less pronounced (e.g. Figure 5C panel ii). For low values of forcing,

the circular variance approaches one, implying that (in the long-run) dynamics are

highly aseasonal and infections with the virus may occur at any time of year (e.g.

Figure 5C panel i).

These results align with the commonly observed seasonality of respiratory viruses

in temperate regions, where different viruses are observed to be most prevalent

at different times of the year (Moriyama et al. 2020). For example, the influenza

viruses and respiratory syncytial virus are most prevalent during the wintertime,

while rhinovirus is most prevalent during autumn and spring (Moriyama et al. 2020;

Kimberlin et al. 2021). Although such differences could arise due to differences

in the rate at which the different viruses are transmitted across the course of each

year (i.e. different seasonal forcing functions) or interference between the pathogens

(Nickbakhsh et al. 2019), our results show that large differences in the timing of

infections throughout the year could arise solely from differences in the human

immune response to the virus or the ability of the virus to evade prior immunity.

Figure 5: The seasonal bias in the time of infection across varied seasonal forcing strength η and effective

antibody decay rate r . Parameters are otherwise as in Table 1. Calculation of the circular mean and

variance is detailed in Appendix D. The system was evaluated across a period of 250 years, following 1,000

years of burn-in. A: The circular mean of time of year of infection incidence. B: The circular variance

in time of year of infection incidence, which ranges between zero (entirely concentrated at one day of

the year) and one (completely uniform across the year). C: Exemplar infection incidence trajectories by

time of year (following burn-in), corresponding to the points i through iv depicted on the panels above.

Trajectories are displayed across 60 years following burn-in. For each model solution, we illustrate both

the circular mean (vertical line) and circular variance (text).

Finally, we identify that seasonal forcing can induce resonant amplification (or

damping) which yields infection burdens greater (or lesser) than would otherwise
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occur in the absence of forcing. We illustrate this by calculating the average annual

infection incidence (i.e. the mean daily incidence in the period following burn-in

multiplied by 365) for varying effective antibody decay rate r and seasonal forcing

strength η (Figure 6). For weak seasonal forcing (η = 0.1) the resultant average an-

nual infection incidence differs little from the baseline. However, as the strength of

seasonal forcing η is increased to 0.3 or 0.5, the annual average infection incidence

changes substantially (Figure 6). For the high seasonal forcing case of η = 0.5, bur-

den is approximately 20% larger than baseline for an effective antibody decay rate

of r = 0.01 days
−1

. At this decay rate, the system has a natural frequency (i.e. in the

absence of seasonal forcing, η= 0) of approximately one period per year (Figure 3B),

i.e. the forcing frequency and the natural frequency are very similar. Conversely, at

a decay rate of r = 0.02 days
−1

, the average annual infection burden is reduced by

approximately 25%. At this decay rate, the system has a natural frequency of around

two periods per year, such that forcing is often acting in opposition to the natural

oscillatory behaviour of the system.

These results show that the interaction between seasonal forcing and waning immu-

nity not only shapes the timing of infections but can produce substantial differences

in the long-term average infection burden of a respiratory virus. These differences

are large enough that models would fail to predict the long-term public health impact

of a respiratory virus if they did not capture this interaction. While we do not con-

sider vaccination in our model, the presence of such resonant dynamics could have

significant implications for the design of vaccination programs, as recurring annual

vaccination programs could act as an additional driver of immuno-epidemiological

resonance (Choisy et al. 2006).
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Figure 6: Changes in infection burden due to resonant dynamics induced by seasonal forcing, across

varied effective antibody decay rate r . All other parameters as listed in Table 1. The corresponding natural

frequency of the system (i.e. without seasonal forcing) is displayed as a secondary axis. Grey shading

illustrates values of effective antibody decay rate that would go to a fixed point solution in the absence

of seasonal forcing. The system was evaluated across a period of 250 years, following 1,000 years of

burn-in. A: The average annual infection incidence following burn-in across effective antibody decay rate

and increasing seasonal forcing strength η. The dashed pink line indicates the average annual infection

incidence in the absence of seasonal forcing (η= 0, as in Figure 3C) B: The proportional difference in the

average annual infection incidence following burn-in for the given value of seasonal forcing strength η

compared to the zero seasonal forcing case (η= 0).

5 Conclusions

We have examined the influence of antibody-mediated immunity upon the season-

ality of respiratory viruses by constructing an immuno-epidemiological model of

respiratory virus transmission, where an individual’s level of immune protection
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against (re-)infection is dependent upon their effective antibody level, which decays

with some combination of antibody waning and antigenic drift. Using this model,

we have found that periodic epidemic waves can arise in the absence of seasonal

forcing and have identified two associated Hopf bifurcations across the effective an-

tibody decay rate. Where seasonal forcing is included in the model, we have shown

that diverse dynamical outcomes can arise. These include periodic dynamics, which

resemble the annual (or multi-annual) seasonal epidemics of endemic respiratory

viruses in temperate regions (Moriyama et al. 2020), and chaotic dynamics, which

we have found can still exhibit (in the qualitative sense) seasonal behaviour. We

have also identified a regime of quasiperiodicity, with epidemic waves recurring at a

regular interval but never aligning with the calendar year in the long-term, a pattern

not present in public health surveillance data of respiratory viruses. These different

dynamical regimes produce varying patterns of infection timing by time-of-year, and

this timing varies with the interaction between the effective antibody decay rate and

seasonal forcing. Beyond shaping the seasonality of infection timing, we find this

interaction can produce a resonant amplification or damping, leading to non-linear

changes in the long-term infection burden as a function of the effective antibody

decay rate.

The modelling framework we have presented could be extended to capture the

concurrent transmission of multiple viral strains where each strain imparts a cross-

reactive antibody response. This kind of cross-reactive immunity, typically arising as

a consequence of antigenic shift (rather than the antigenic drift we have captured with

the effective antibody decay rate here), can be found among many respiratory viruses

(Sullender 2000; Carter et al. 2013; Koutsakos and Ellebedy 2023). Such an extension

would involve the inclusion of multiple infected classes and a (multi-dimensional)

stratification of the susceptible class by the antibody level imparted by each strain,

with this allowing for immune protection due to prior infection to be specified in

terms of antibody cross-reactivity (unlike previously published multi-strain models

that use relative cross-protection values, e.g. Gupta et al. 1996; Andreasen et al. 1997;

Kucharski et al. 2016). This multi-strain model could be used to explore, for example,

the transmission dynamics of influenza, for which cross-reactivity between sub-types

of influenza is likely a key driver (Andreasen et al. 1997; Carter et al. 2013; Krammer

2019). Such a multi-strain model could also be used to explore the phenomena of

antibody-dependent enhancement, where the presence of cross-reactive antibodies

can lead to a heightened susceptibility to infection or worsened disease outcomes

(Wells et al. 2025).

Investigating the dynamics of any particular respiratory virus with our model

would require careful parametrisation of transmission, immunity and seasonal forc-

ing. Given appropriate parametrisation, such an analysis would enable the ex-

ploration of the biological plausibility of the different dynamic behaviours that we

have highlighted (such as quasiperiodicity or resonant amplification). Further, such a

parametrised study could be of particular value in application to SARS-CoV-2. While

early modelling studies predicted that the virus would, in the long-term, approach

a stable pattern of once-a-year winter seasonality in temperate regions (e.g. Kissler

et al. 2020; Townsend et al. 2023), the virus does not yet appear to have fallen into this

pattern in many temperate regions, with off-winter waves continuing to be observed

(Donovan et al. 2025; Rubin et al. 2025; UK Health Security Agency 2025). Our re-

sults highlight how a variety of seasonal patterns beyond that of once-a-year winter

seasonality — such as quasiperiodic waves that do not align with the calendar year

— could emerge as the long-term behaviour of a respiratory virus like SARS-CoV-2

as a natural consequence of the interaction between the periodic drivers of waning

immunity and seasonal forcing.
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Appendix Figure 1: Characteristic dynamics of the immunity-structured model of respiratory virus trans-

mission. Model parameters are as in Table 1. A: Prevalence (i.e. proportion) of infectious individuals I
over time. B: Proportion of susceptible individuals in each strata Si for 0 ≤ i ≤ k. C: The mean antibody

concentration across the susceptible population, calculated as an arithmetic mean across concentrations

(i.e. not a geometric mean).
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Appendix Figure 2: Eigenvalues of the linearised ODE system at the fixed point solution as antibody decay

rate r is varied from 0 to 0.15. The linearised system was reduced by taking I = 1−∑k
i=0 Si . A: Path of the

eigenvalues λi as decay rate is varied. B: Maximal real part of the eigenvalues. Two Hopf bifurcations

occur as this value crosses the x-axis.
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Appendix Figure 3: The minimum infection prevalence observed for varying antibody decay rate r and

strength of seasonal forcing η, where all other parameters are as in Table 1. The black line indicates the

minimum infection prevalence for the specified value of η, while the red line indicates the minimum

infection prevalence in the absence of seasonal forcing (η= 0). The system was evaluated across a period

of 250 years, following 1,000 years of burn-in.
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Appendix Figure 4: Differences in model dynamics across varied seasonal forcing strength η and antibody

decay rate r . Model parameters are otherwise as in Table 1. Extends Figure 4 in the main text. The system

was evaluated across a period of 250 years, following 1,000 years of burn-in. As in Figure 4, the natural

period of the system in the absence of seasonal forcing (η = 0) is indicated on the left-hand side of each

plot. A: The number of peaks per period duration (where period is at most two years). B: The average

number of peaks per year across the 250 years following burn-in. C: Peak infection prevalence across the

250 years following burn-in. D: The average annual infection incidence across the 250 years following

burn-in.
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Appendix Figure 5: Timing of peak infection incidence (following 100 years of burn-in) for five exemplar

sets of parameters (the same as those in Figure 5 Points indicate the timing of peak infection incidence by

time of year (y-axis) and year (x-axis). Diagonal lines indicate the progression of time.
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Appendix A

Compartmental approximation for the exponential decay in antibody concentra-
tion

Here, we derive the compartmental model of exponential decay in the susceptible

population which is used in Section 2. We assume that individuals have some

antibody concentration c(t ) which decays exponentially over time with decay rate r :

dc

dt
=−r c(t ).

This may be equivalently stated as a linear decay in the log-2-transformed concentra-

tion:

dlog2(c)

dt
=− r

loge (2)
. (3)

To capture this process across the population of susceptible individuals, we use a

partial differential equation. Let S(t , log2(c)) be the fraction of susceptible individuals

at time t who have a log-2 antibody concentration of log2(c). From Equation 3, we

have:

∂S

∂t
− r

loge (2)

∂S

∂ log2(c)
= 0 (4)

We may approximate this PDE using the method of lines (e.g. Plant and Wilson 1986).

First, we discretise antibody concentration across discrete strata i , taking:

ci = 2a(i /k), (5)

where 0 ≤ i ≤ k (such that 20 ≤ ci ≤ 2a
). The partial derivative of S with respect to

log2(c) is then approximately:

∂S

∂ log2(c)
≈ Si+1 −Si

log2(ci+1)− log2(ci )
= Si+1 −Si

a/k

Substituting this approximation into our partial differential equation (Equation 4)

yields:

dSi

dt
= r k

a loge (2)
(Si+1 −Si )

To simplify the equation, we take:

ρ = r

a loge 2
,

such that we have

dSi

dt
= ρk(Si+1 −Si ).

This yields our compartmental approximation of the antibody decay process, with

individuals in compartment Si+1 transitioning to compartment Si at rate ρk:

Si+1 −−→
ρk

Si

for i > 0.

The parameter k controls the resolution of our approximation of Equation 4, with

increasing k reducing the variance in the antibody decay process across the popu-

lation. To show this, we note that the probability of an individual having made i
transitions by time t is given by the Poisson distribution I (t ) ∼ Poisson(ρkt ) (where

we are ignoring the possibility of reaching the minimum strata). Assuming that all

individuals in the population start at t = 0 with the same antibody concentration,
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the change in log2(c(t )) across the population following I (t ) transitions is then (using

Equation 5):

−aI (t )

k
,

which is distributed with a variance of:

Var

(
−aI (t )

k

)
= a2ρ

k
t .

As such, increasing k produces a more accurate approximation of the continuous

decay process by reducing the variance introduced by discretisation.

Appendix B

Transmission model with stratification across the infectious class.

Here, we consider a formulation of our transmission model where we stratify

both the susceptible and infectious class by their serum antibody concentration (i.e.

not only the susceptible class). This allows us to specify a post-infection antibody

concentration with dependence upon the pre-infection antibody concentration. We

use this to examine antibody boosting, where recovery from infection leads to a linear

increase in the log-transformed antibody concentration.

This model has 2(k +1) compartments:

{S0, S1, . . . , Sk , I0, I1, . . . , Ik } ,

and the process of antibody waning occurs as in the original model, with:

Si −−−−−−−−−→
(1−ωi )βI

I

Infection occurs in a similar manner to the original model, although the force

of infection is now calculated across the sum of the infectious compartments, i.e.

β
∑k

i=0 Ii . Upon infection, an individual in Si transitions to compartment Ii (i.e. the

same strata index i ):

Si −−−−−−−−−−−−−−→
(1−ωi )β

∑k
i=0 Ii

Ii

where ωi is the level of protection against infection (given exposure) for strata i , as

defined in the main text.

Upon recovery from infection, an individual in compartment Ii may transition to

any compartment S j where j ≥ i . This occurs according to the probability P (Ii → S j ),
i.e.:

Ii −−−−−−−−−−→
γP (Ii → S j )

S j

As in the original model, this probability may be defined to capture different mecha-

nisms. Here, we consider a model of antibody boosting, where the log-concentration

of antibodies following infection log2(cpost) increases linearly with the pre-infection

concentration log2(cpre), i.e.:

log2(cpost) = log2(cpre)+X

where X ∼ N (µ,σ) is a Normal distribution defining the jump in log-concentration.

This defines the probabilities P (Ii → S j ):

P (Ii → S j ) =


P (a ≤ X ), j = k,

P
(
a i

k < X ≤ a i+1
k

)
, i > i and j < k,

P
(
X < a i+1

k

)
, j = i ,

24



where we have applied the additional constraints that antibody concentration cannot

decrease and may not be above 2a
. In the below results, we have taken X ∼ N (6,0.5),

such that the distribution of post-infection antibody concentration is approximately

the same as in the main text where pre-infection antibody concentration is minimal

(20
).

In total, we have the following dynamical system defined by 2(k + 1) ordinary

differential equations:

dSi

dt
= ρk([i < k]Si+1 − [i > 0]Si )−β(1−ωi )Si

k∑
j=0

I j +γ
k∑

j=0
I j P (I j → Si )

dIi

dt
=β(1−ωi )Si

k∑
j=0

I j −γIi ,

which is illustrated in Figure 6.
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Appendix Figure 6: Diagram of the immuno-epidemiological model with stratification across both the

susceptible and infectious classes.

Here, we compare the behaviour of this model with antibody boosting to that of

the original model in the absence of seasonal forcing (Figure 7). The bifurcation

diagram presented in Figure 7A illustrates a slight difference in the location of the

fixed point and periodic solutions (and accompanying bifurcations). Similarly, both

the frequency of the periodic solutions and the average annual infection incidence

following burn-in are slightly lower for the model with boosting than the original

model (Figure 7B). This similarity is also apparent in the exemplar trajectories of infec-

tion prevalence (Figures 7D), while clearer differences can be seen in the underlying

population average antibody concentration (Figure 7E).
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Appendix Figure 7: Dynamics of the immuno-epidemiological model for varying values of antibody decay

rate r (all other model parameters are as in Table 1 The system was evaluated across a period of 100 years

(36,500 days), following 100 years of burn-in. A: Bifurcation diagram over varying antibody decay rate r ,

with lines depicting infection prevalence at the model solutions (noting the log scale on the y-axis). For

the periodic solutions, the light blue lines correspond to the maximal or minimal infection prevalence

across each solution. For low values of antibody decay rate, the minimal infection prevalence rapidly

approaches values where stochastic effects would be dominant in realistic settings and our deterministic

results must be interpreted with care. The separatrix between the stable limit cycle and the stable fixed

point for values of r less than approximately 0.005 is not depicted as it could not be identified numerically.

B: The frequency (in years
−1

) of the periodic model solutions for varying antibody decay rate r . C: The

average annual infection incidence at the model solution (fixed point or stable periodic) for antibody

decay rate r , calculated as the mean infection incidence multiplied by 365. These average annual infection

incidences correspond to both the periodic and (unstable or stable) fixed point solutions. D: Exemplar

infection prevalence I (t ) for the two models, where we have taken r = 0.015. E: Exemplar population mean

antibody concentration for the same system as in panel D.

Appendix C

Algorithm to determine qualitative dynamics

In this section, we describe the numerical method we used to determine the qualita-

tive dynamics of a solution, producing (approximate) classifications across between

periodicity, quasiperiodicity and chaos. We also provide our method for determining

the period length of a periodic solution.

We first attempt to determine the period length (where it exists). Let x(t ) =
{S0(t ),S1(t ), . . . ,Sk (t ), I (t )} be the state of our system at time t . We consider the system

for time-points t separated by a time-step of ∆t between t0 and tmax, i.e.

t ∈ [t0, t0 +∆t , t0 +2∆t , . . . , tmax]

where t0 is a time-point such that model transients are minimal (i.e. following some

burn-in period) and tmax is the final time-point of our model solution. For our results,

we have taken a time-step of ∆t = 0.25.

By definition, in the absence of external forcing (i.e. seasonal forcing), at least one

period will have occurred between the times t0 and ti > t0 if x(t0) = x(ti ). To account
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for numerical error in our solutions of x(t ), we take this as occurring where:

||x(ti )−x(t0)|| < ϵ

where ϵ= 10−6
for this manuscript. This condition is illustrated for an example model

solution in Figure 8.

To identify period length, we first identify the time-points t0 < ti < tmax for which

the above condition is fulfilled. Where we identify consecutive time-points, we

replace each group of consecutive time-points with their central (mean) value. Let

T = [t1, . . . , tn] be the ordered array of time-points we identify in this manner. This is

then used to calculate samples of period duration pi :

pi = ti − t0

i
,

with the mean of these samples forming our estimate of the period p̄.

In the absence of seasonal forcing, we define a periodic solution as occurring where

we have at least two samples of pi and the standard deviation across pi is less than

one.

In the presence of seasonal forcing, we define a periodic solution as occurring

where we have at least two samples of pi and the mean period p̄ is such that the

corresponding frequency is approximately a harmonic of 365 days, i.e.:

∃n ∈ {1,2, . . . ,20} such that min
{
mod(n · p̄,365), 365−mod(n · p̄,365)

}< 1.

The factor n allows us to periods at a minimum of 1/20 years. However, where

seasonal forcing was present, we did not identify any such sub-annual periodic

solutions.

Solutions where seasonal forcing is present can also be classified as chaotic or

quasiperiodic. We define a (non-periodic) model solution to be chaotic where a value

greater than 0.5 is returned by the Melbourne 0-1 test (Datseris 2018), with this test

performed across infection prevalence sampled once every 80 days following burn-in.

This value of 80 days was visually identified as achieving an acceptable classification

performance (Appendix Figure 9). Dynamics which are identified as not chaotic or

periodic may be classified as quasiperiodic if we have at least two samples of pi but

the value of p̄ is not a multiple or sub-multiple of 365 days (as defined above). Model

solutions which do not fulfil one of these listed criteria will remain unclassified,

which may occur where we have particularly long transient periods that prevent a

periodic or quasiperiodic solution from being identified or the chaos test returns a

false-negative result.
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Appendix Figure 8: Illustration of the condition used to determine period occurrence. Top: The distance

x(ti )−x(t0) across each compartment making up the state x. Trajectories are illustrated following burn-in.

Bottom: The Euclidean distance ||x(ti )−x(t0)||, with a horizontal dashed line indicating the threshold for

period occurrence (ϵ= 10−6
), noting that the y-axis is on a log-scale.

Appendix Figure 9: A: Bifurcation diagram over seasonality strength η, with effective decay rate fixed

at r = 0.018 days
−1

. Period-doubling bifurcations are evident before chaotic behaviour emerges. Blue

shading indicates where we have classified dynamics as chaotic using the Melbourne 0-1 test applied

to the infection prevalence time-series downsampled at a rate of 80 days. B: Sensitivity analysis of

the downsampling rate of the infection prevalence time-series to identify chaos. Blue shaded regions

indicate where the Melbourne 0-1 test for chaos returned a value greater than 0.5 for that combination of

seasonality strength η and downsampling rate. The row indicating the 80 day downsampling rate used in

the manuscript is highlighted.

Appendix D

Circular statistics for seasonal bias calculations

We calculate circular statistics of mean and variance weighted by the daily infection
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incidence time-series over time t (following burn-in) inc(t ) (where the calculation of

incidence is described in the numerical methodology). We provide an illustration of

this process in Figure 10 and detail the calculations in the following. To begin, we

show how a time-point t may be represented as a vector on the unit circle (where

this circle represents the year, or 365 days, and corresponds to the phase and period

of the seasonal forcing). We may calculate the time-of-year t
mod

of t in days between

0 and 364:

t
mod

=mod(t ,365).

This time-of-year corresponds to an angle θ counter-clockwise around the unit circle

(Figure 10):

θ = 2πt
mod

365
.

And a corresponding vector (x, y) along the unit circle:

x = cos(θ), y = sin(θ),

or equivalently:

x = cos

(
2π

365
mod(t ,365)

)
, y = sin

(
2π

365
mod(t ,365)

)
.

Using the above definition, we may calculate the mean vector (x̄, ȳ) of time-of-

infection, weighting by the daily infection incidence inc(t ):

x̄ =
∑

t∈T inc(t )cos
( 2π

365 mod(t ,365)
)∑

t∈T inc(t )

ȳ =
∑

t∈T inc(t )sin
( 2π

365 mod(t ,365)
)∑

t∈T inc(t )

where T is the sequence in days between the start of the post-burn-in period and

the end of our numerical solution (where these must both be multiples of 365 such

that only full years are included). We then calculate the circular mean day of year of

infection d̄ as:

θ̄ =
{

atan2(y = ȳ , x = x̄) ȳ ≥ 0

atan2(y = ȳ , x = x̄)+2π ȳ < 0

d̄ = 365

2π
θ̄,

and the circular variance as one minus the magnitude of the mean vector:

v = 1−
√

x̄2 + ȳ2

which takes a value of zero where the timing of infection incidence is dispersed

uniformly across the year and of one where all infections occur on the same day of

the year.
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Appendix Figure 10: Exemplar calculation of the circular mean and variance. Infection incidence time-

series (following burn-in) is displayed around the circle by time of year t
mod

for r = 0.06,η= 0.37 (all other

parameters as in Table 1). We have a mean vector of (x̄, ȳ) = (0.417,−0.549), corresponding to an angle of

θ = 5.37 and mean day of infection d̄ = 312. The circular variance is v = 0.311.
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